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Abstract 
A thermoelastic model implying relaxation of stresses at melting is applied for materials with arbitrary thermoelastic 
 0.17 - 0.34 is numerically studied. The residual stresses are 
independent of the space scale. In narrow remelted zones and beads the maximum longitudinal tensile stress is 
approximately twice as high as the transverse one. The calculations predict cracking of alumina, even with 1600 oC 
preheating, plastic deformation or cracking of hard metal alloys H13 and TA6V, and no destruction of polystyrene and the 
strongest grades of quartz glass. The calculation results can be used for predicting the thermomechanical stability of 
materials at laser treatment. 
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1. Introduction 
Strongly localized laser heating generally results in considerable residual stresses and deformations, which 
are important at welding, surface remelting, additive manufacturing, and other processes. The most general 
well-known method to reduce the residual stresses at a thermal treatment is to reduce the thermal gradient and 
the cooling rate. This was confirmed, for example, at growing the monocrystals [1]. The same approach works 
at laser treatment [2,3] while it is difficult to implement because the reducing of the heating/cooling rate 
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means the proportional reducing of the productivity, and the reducing of the thermal gradient contradicts the 
local nature of the laser treatment. The preheating has recently become a universal method widely applied at 
the laser treatment [4,5]. Its efficiency is commonly explained by following two factors [6]. First, as the 
overall temperature difference in the treated part is decreased, the temperature gradients and the 
heating/cooling rates are proportionally decreased. Second, materials often become more plastic at elevated 
temperatures, so that thermal stresses can partially relax.  
The conventional approach to calculate the residual stresses is to separate the thermal and the 
thermomechanical problems. The deformation due to the thermal expansion is usually small, so that its 
thermal effect is negligible compared to the laser energy. Therefore, the thermal problem can be considered 
independently. The temperature field and the shape of the melt pool calculated by the thermal model are the 
initial data for the thermomechanical model. Such a two-step scheme of calculation is useful to predict 
residual stresses for a given set of technological parameters [7,8] but can become too complicated for a 
theoretical parametric analysis and optimization of the technological process. A reasonable simplification of 
the thermomechanical model [9] was shown to be sufficient to construct a single-step calculation scheme 
independent of the temperature distribution and its evolution. Instead of the analysis in terms of the 
technological parameters, an analysis in terms of remelted profiles was proposed [9]. This method can be 
fruitful because the desired remelted profile is often given or the variety of acceptable profiles is restricted. 
Calculations were made for quarts glass and alumina and the capability to explain experimental data was 
shown [9]. The objective of the present work is to extend the previous model [9] by obtaining numerical data 
applicable to materials with arbitrary thermoelastic properties. 
2. Model 
Residual stresses are impossible in the framework of the classical thermoelastic model because the 
compressive stresses due to thermal expansion of a heated domain completely disappear after its cooling 
down to the initial temperature Ta. The modification of the thermoelastic model proposed [9] is the complete 
relaxation of the compressive stresses at temperatures above the melting point Tm. This is attained by an 
Then cooling and shrinking of the material in the relaxation zone leads to formation of tensile residual stresses 
inside it, which is usually observed. 
More generally, the principal assumption made in the model is the definition of a clear boundary of the 
zone of complete relaxation of thermal stresses. After passage of the heat source and cooling down to the 
initial temperature, the relation between the tensors of stresses with components  and strains with 
components   
2 , (1) 
where  is Lame s first parameter,  the shear modulus,  = xx + yy + zz the volumetric deformation,  the 
Kronecker symbol, and the indices  and  take values x, y, and z corresponding to the Cartesian axes. 
The second assumption of the model is the elastic deformation in the zone of thermal stress relaxation at 
cooling. Thus, after cooling down to the in
written as 
sK32 , (2) 
where K is the bulk modulus and s the linear shrinkage at cooling from the temperature of thermal stress 
relaxation Tm down to the initial temperature Ta, which can be calculated from the linear thermal expansion 
coefficient  as 
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(3) 
The relaxation temperature Tm is estimated as the melting or the softening point. The initial temperature Ta 
can be the ambient temperature or the preheating one. The last term in the right hand side of Eq. (2) 
introduces isotropic tension in the relaxation zone. The value of the isotropic tension is chosen to compensate 
the thermal expansion at the relaxation temperature. 
The deformation is characterized by the vector field of displacement u, with the strain tensor components 
given by derivatives 
uu
2
1 . (4) 
In the general case, the three components of the displacement vector are to be found from the system of the 
three force balance equations. In the considered below case of a uniform in x-direction remelted profile, ux = 
0, and the following two force balance equations are sufficient: 
0
zy
yzyy ,    0
yz
yzzz . (5) 
Calculation according to the described model gives the residual stresses, which would be formed after 
cooling the treatment zone down to the initial state, if deformation at the cooling stage were strictly elastic. 
The possible influence of plastic flow and destruction at cooling should be taken into account separately. 
3. Results and Discussion 
In the case of infinite remelted layer shown in Fig. 1 (a), the tension is uniform and isotropic in plane (XY) 
and attains the value of 
10
Es , 
 
(6) 
where E is the Young modulus and  z-
direction measured in the units of the layer thickness is 
su
1
1
0
. 
 
(7) 
Figure 2 presents the results of numerical calculation for quartz glass for a shallow remelted band of finite 
width and infinite length on the surface of the half-space substrate shown in Fig. 1 (b). Material parameters 
are listed in Table 1. The values of the maximum longitudinal tension xx = 80 MPa and the transverse tension 
2 = 70 MPa attained near the center line of the band, approach the estimate for infinite layer 0  = 82 MPa by 
Eq. (6). 
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                                       (a)                     (b)                    (c)                     (d)                      (e) 
 
Fig. 1. Studied geometries: infinite remelted layer (a); remelted band (b); lens-shaped remelted profile (c); double-lens bead (d); circle-
shaped bead (e) 
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Fig. 2. Remelted band on the surface of a massive quarts glass substrate: residual displacement u, principal residual stresses xx = 1, 2, 
and 3. The displacement direction is shown by arrows. The directions of the principal axes in (YZ) plane are shown by dashes 
 
Table 1. Material properties accepted for calculations 
Material  (GPa)  (10-6 K-1) Tm ( ) 
Ultimate strength 
(MPa) 
Yield strength 
(MPa) 
SiO2 glass 0.17 31 0.55 1700 50  
SiO2 , vacuum grade 0.17 31 0.55 1700 100  
Al2O3 0.22 150 8.4 2070 300  
Ca3(PO4)2 0.28 19.5 10.9 1670 15  
H13 0.3 81 10.4 1427  1650 
TA6V 0.34 42 7.6 1650  1030 
Polystyrene 0.35 1.3 80 90 60  
 
The above example of calculation for quartz glass suggests that the principal dependencies on the 
thermoelastic parameters are given by Eqs. (6) and (7). Indeed, the dimensional analysis of the model 
equations indicates that dimensionless distributions 
0u
uu ,          
0
, 
 
(8) 
 for a given shape of the remelted domain. In addition, the thermoelastic 
problem does not contain a characteristic space size. Therefore, the similar remelted domains of different 
scale form the similar displacement and stress fields. 
Figure 3 presents the results of numerical calculation for the infinite lens-shaped remelted profile on the 
surface of the half-space substrate shown in Fig. 1 (c) and two beads obtained with addition of material (see 
Fig. 1 (d) and (e)). The equivalent Mises stress is calculated from the principal stresses 1, 2, and 3 as 
])()()[(
2
1 2
32
2
31
2
21Mises . 
 
(9) 
ed by Eqs. 
(6) and (7). For these profiles of the relaxation (remelted) zone with the depth of the order of the width, the 
maximum longitudinal tensile residual stresses are approximately twice as high as the maximum transverse 
tensile residual stresses. 
 The conventional methods to reduce the residual stresses like preheating and the choice of material with 
lower thermal expansion, the elastic modulus, or the melting point follow from Eq. (2). Namely, the residual 
stresses are proportional to the linear thermal shrinkage s, which is roughly proportional to the overall 
temperature difference in the treated part according to Eq. (3). In the conventional furnace technologies, this 
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temperature difference is not fixed but it is proportional to the temperature gradient in nonuniform processes 
and to the heating/cooling rate in nonsteady processes. This is why these two parameters should be analyzed. 
On the contrary, at strongly localized laser heating, the temperature difference is predefined and equal to Tm - 
Ta. This is why analyzing the single parameter of s becomes simpler. Thus, the conclusion that the residual 
stresses are independent of the thermal gradient and the cooling rate, should be understood as the proposition 
to use the single parameter s to analyze laser treatment. 
The residual stresses are independent of the space scale.  The conclusion [9] that the maximum 
longitudinal tensile stress is approximately twice as high as the transverse one can be generalized for the 
17 and 0.34 studied here. The obtained numerical results allow prediction 
of the residual stresses for materials with arbitrary elastic properties and melting point. 
 
                    u100                          1100                       2100                        3100                     Mises100  
(a)  
 
 
 
Fig. 3. Dimensionless residual displacement u , principal residual stresses xx1 , 2 , and 3 , and the Mises equivalent stress 
Mises   = 0.17 (a) and 0.34 (b). The displacement direction is shown by arrows. The directions of the principal axes 
in (YZ) plane are shown by dashes 
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Fig. 3. (Continued) 
 
 
Figure 4 compares the calculated stresses with the tensile strengths of various materials. The characteristic 
stresses shown by thick-line curves are taken for the configuration of Fig. 1 (c) at point y = z = 0. However, 
the corresponding critical stresses for the configurations of Fig. 1 (d) and (e) are approximately the same. The 
calculations predict cracking of alumina, even with preheating up to 1600 oC, and the calcium phosphate 
glass, plastic deformation or cracking of hard metal alloys H13 and TA6V, and no destruction of polystyrene 
and the strongest grades of quartz glass. This correlates with the known from the literature practice for the 
mentioned materials. Therefore, the calculation results can be used for predicting the thermomechanical 
stability of materials at laser treatment. 
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Fig. 4. Maximum principal, 1 and 2, and the Mises equivalent Mises stresses (lines) calculated for the lens-shaped remelted profile in 
 from 0.17 to 0.34 compared with the tensile strength of various materials (points). The yield strength is 
given for metal alloys H13 and TA6V. The preheating temperature Ta is indicated. The thin line shows the stress in the infinite remelted 
layer 
4. Conclusions 
Calculations according to the described model give residual stresses, which would be formed after 
cooling the laser-heated zone down to the initial temperature if the deformation at the cooling stage were 
strictly elastic. 
The stress state in the middle of a shallow remelted band approaches to the two-axis isotropic tension and 
can be approximately described by the analytical model for an infinite layer. 
The maximum longitudinal tensile residual stresses are approximately twice as high as the maximum 
transverse tensile residual stresses for a narrow remelted zone or a bead. 
Under the condition of strictly elastic deformation at cooling, the residual stresses after laser treatment 
are independent of the temperature gradient and the cooling rate. 
The calculation results can be used for predicting the thermomechanical stability of materials at laser 
treatment. 
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